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Vibration of Dynamic Systems Under
Cyclostationary Excitations

Akhilesh Jha¤ and Efstratios Nikolaidis†

Virginia Polytechnic Institute and State University, Blacksburg,Virginia 24061-0203
and

Sathya Gangadharan‡

Embry-Riddle Aeronautical University, Daytona Beach, Florida 32114

A special type of nonstationary, random excitation, called cyclostationary, is studied. The main characteristic
of this type of excitation is that its statistical properties (e.g., the rms) vary periodically in time in contrast to a
traditional, random stationary model, which assumes constant statistical properties. Many engineering structures,
such as a submarine propeller, a turbine blade, and an internal combustion engine, are subjected to this type of
excitation. A method for modeling the excitation and for calculating the response of such systems is presented. It
is shown that the road excitation on a vehicle driven on a road made of concrete slabs, whose length is constant, is
cyclostationary.A cyclostationarymodel can yield considerably more accurate estimates of the rms of the response
as compared to a traditional stationary model in this problem.

Nomenclature
A(t ), B(t) = zero-mean stationary random processes
c = damping coef� cient
d = length of a slab
E[ ] = expected value of a random variable
f ( ) = probability density function
Hi = height of the i th slab
H( x ) = matrix of frequency response functions
h(t ) = matrix of impulse response functions
I = set of integers
i = index
KY Y (t1 , t2) = covariance matrix of the excitation vector
KZ Z (t1 , t2) = covariance matrix of the response vector
k = spring constant
m = mass of the road vehicle
n = integer
P(t ), Q(t ) = CS processes
pulse( ) = pulse function
Ruu (t1 , t2) = autocorrelationof the velocity in the wake of a ship
RY Y (t1, t2) = autocorrelationof the road excitation
RY Y (t1 , t2) = correlation matrix of the excitation vector
RZ Z (t1 , t2) = correlation matrix of the response vector
RS

Z Z (t1 , t2) = correlation matrix of the response vector of the
equivalent stationary random processes

r = position vector
rY Y (n, s ) = cyclic correlation matrix of the excitation vector
rZ Z (n, s ) = cyclic correlation matrix of the response vector
S(t ) = resultant process after phase randomization
SY Y (n, x ) = matrix of cyclic cross-spectraldensity of the

excitation vector
SZ Z (n, x ) = matrix of cyclic cross-spectraldensity of the

response vector
T = time period
t = time
u(r, t ) = horizontal component of the velocity
u(r, t ) = velocity � eld in the plane of a propeller
u0 = ship velocity
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V = velocity of the road vehicle
w (r, t ) = wake fraction
Y (t ) = excitation caused by road roughness
Y(t) = excitation vector (size =m £ 1)
Z(t ) = response vector (size = p £ 1)
D = distance between two points where the

autocorrelationis being calculated
g (t ) = mean of the excitation vector to a dynamic system
r = standard deviation
s = time difference (t1 ¡ t2)
u 1, u 2 = random phase angles
x = frequency
x e = fundamental frequency
0 = denotes transpose of a vector or matrix

Introduction

C YCLOSTATIONARY (CS) random processes are nonstation-
ary processes,whose statistical propertiesvary periodicallyin

time. They are fundamentallydifferent than stationary random pro-
cesses.Figures 1 and 2 show the differencebetween the sample path
of a CS process and the sample path of a stationaryprocess.Figure 2
shows that the signal � uctuates more vigorouslyat t =0, 5, 10, and
15 s than at t = 2.5, 7.5, and 12.5 s. The change in the intensity of
the signal from a maximum to the next minimum (and a minimum
to the next maximum) takes place in equal intervals of 2.5 s, ap-
proximately. This causes a periodic variation in the statistics of the
signal. This time variation in the statistics of the signal is not seen
in Fig. 1, which is the sample path of a stationary random process.

Many stochastic processes encountered in real life exhibit an in-
herent periodicity in the variation of their statistical properties and
should be modeled as CS processes. This periodic variation in the
statistical properties can be caused by the following:

1) The � rst is repetitive operation, such as sampling and scan-
ning on random signals. A common example is the output of a
receiver connected to a narrow-beam radar antenna, which rotates
in a nonuniform � eld produced by a stationary signal source.1

2) The second is rotation of a component of a structure in a
nonuniform � ow� eld. For example, as the blades of a gas turbine
rotate, they encountera randomvelocity� eld,which is causedby the
� ow distortion as a result of the equally spaced stator blades.2 The
statistical properties of the encountered velocity vary periodically.
Lin et al.3 and Fujimori et al.4 studied the response of a helicopter
bladeto turbulencein forward� ightusinga modelwhoseparameters
were periodic, nonstationary random processes.

3) The third is systems subjected to spatially periodic excitation.
Dimentberg5 presented an example of a coal-mine cage traveling
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Fig. 1 Sample path of a stationary process.

Fig. 2 Sample path of a CS process.

with a constant speed along an elastic cable supported by equally
spaced supports. The apparent lateral stiffness of the cable varies
periodicallyalong its length,being minimal at midspansand in� nity
at the supports. Therefore, the traveling cage feels periodic-in-time
variations of the stiffness of its suspension.5 This induces a CS
excitation on the coal-mine cage.

Abundant experimental data exist on the characteristics of ran-
domly � uctuating � ow� elds encountered by turbine rotors, heli-
copter rotors, and marine propellers. These data show that these
� ow� elds should be modeled as CS random processes because the
intensity of random � uctuation of the excitation is important, and it
varies signi� cantly in time. Figure 3 shows that the ensemble rms
velocity at a � xed point behind a propeller in a wind tunnel varies
signi� cantly in time, and it can be as high as 20% of the average
velocity.6 A stationary model of the velocity would assume a con-
stant rms.

For a ship propeller it is recognized that the randomness in the
blade excitation, which is caused by the � ow distortion from the
ship hull, is important. Here we use an example of the � ow� eld be-
hind a ship hull to explain the characteristics of CS processes. The
� ow velocity u(r, t) depends on the position vector r and the time
t and it � uctuates randomly as a result of turbulence. Because of
the presence of hull, the intensity of � uctuation is nonuniform over
the propellerdisk. For example, the rms velocity and the correlation
of the components of the velocity vector vary over the propeller
disk. Figure 4 shows a typical wake survey result for the horizontal
component of the velocity u(r, t ). The labels of the isowake curves
specify the wake fraction coef� cient w (r, t) =[1 ¡ u(r, t ) / u0]. Ac-
cording to this � gure, u is small at position A because the hull
reduces the velocity at this position, whereas u is almost equal to
the ship speed at point B.

In the following we consider only the horizontal velocity com-
ponent u[r(t ), t] at a � xed point on a propeller blade. The position
vector r is a functionof time because the propeller rotates.Consider

Fig. 3 Ensemble rms velocity at a � xed point behind a propeller. The
intensity of random � uctuation is signi� cant and varies in time.

the blade rotating in the � ow distorted by the hull. The encountered
velocity consists of two parts, the mean velocity (phase locked),
which varies cyclically in time, and a random turbulent part. The
velocity encountered by a point � xed on a propeller blade is a ran-
dom process. Figure 5 depicts the autocorrelationof u(r, t) over a
period of rotation T . Autocorrelation is the ensemble mean of the
product of the values of the velocity u(r, t1) and u(r, t2) measured
at two time instances t1 and t2. In this � gure the autocorrelation
Ruu (t1 , t2) is presentedas a function of t2 (= t) and t1 ¡ t2 . Consider
that at time t =0 the blade is vertical and the tip is at the upper
position. In contrast to the case of a stationaryprocess, the autocor-
relation Ruu (t2, t1 ¡ t2) depends on both the time difference t1 ¡ t2
and time t2. The following paragraphs explain the behavior of this
function.

First, consider that t1 = t2 in which case the autocorrelation re-
duces to the phase-locked mean square. The curve on the plane
t1 ¡ t2 =0 in Fig. 5 shows the behavior of the autocorrelation. At
times t2 = 0 and T the mean square velocity encountered by the
blade is large because the blade is in the wake induced by the hull.
At t ¼ T /4 and 3T / 4 the blade is almost out of the boundary layer,
and consequently, the mean square velocity it encounters is low.

Second, let t2 = 0. In this case the velocity is evaluated or mea-
sured at time equal to zero and some other time instant t1 . The curve
on the plane t2 =0 in Fig. 5 shows thebehaviorof theautocorrelation
in this case. As t1 increases starting from zero, the autocorrelation
decreasesbecause the force is evaluated at two positionsof increas-
ing distance. However, as t1 approaches T / 2, the force is evaluated
at two positions within the hull wake, and therefore, the values are
positively correlated.As a result, Ruu (0, T / 2) is a local maximum.
After t1 = T / 2 the autocorrelation will initially drop and then in-
crease again as t1 tends to T . This is because, as t1 approaches T ,
the blade initially exits from and then reenters the boundary layer
of the ship.

In conclusion, the autocorrelation is a function of both the time
instant when the velocity is � rst measured t2 and the time lag be-
tween the two instances at which the velocity is measured t1 ¡ t2.
This implies that the velocity, the resulting pressure, and the forces
are nonstationary processes. If the velocity were stationary, auto-
correlation functionwould not � uctuatewith t2 (Fig. 5). Finally, the
observationcan be made that the autocorrelationis periodic in time
t2, with periodequal to the rotationperiod T . Whereasnonstationary
processes are cyclostationary,7 the term periodic nonstationary has
also been used for these processes. If the � ow� eld behind a rotating
blade is stronglynonuniform,then the autocorrelationis expectedto
vary signi� cantly with t2. A cyclostationarymodel would be more
suitable than a stationary in such cases.

CS processeshave been studied in depth in signalprocessing.1,7,8

However, in mechanics they are rarely used in modeling excitation
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Fig. 4 Wakepro� le of axial componentof velocity u((r; t)) behind a ship hull. The contourscorrespond to constant values of the wake fraction coef� cient
w = [1 ¡ u((r; t)) /u0], where u0 is the speed of ship.

Fig. 5 Autocorrelation Ruu((t2; t1 ¡ t2 )) of the horizontal velocity com-
ponent u((r; t)). The autocorrelation of the CS process varies periodically
with t2 , whereas the autocorrelation of a stationary process is constant
in t2.

whose statisticsdemonstrateperiodicity.Such models can be appro-
priate in problems involvingrotatingcomponents,such as propeller,
turbine, or helicopter blades rotating in turbulent � elds.

It has been almost a general trend to stationarize a CS process,
which allows us to use availablemethods for stationaryrandompro-
cesses to � nd the responseof a dynamicsystem. We can stationarize
a CS signal as follows:

1) Assume that the CS signal has a random phase angle that is
distributed uniformly over the range of 0–2 p . For example, each
time we measure the pressure time histories on the blades of a tur-
bine, we assume that there is equal chance of starting at an azimuth
angle from 0 to 2 p .

2) Replace the statistical properties, which are periodic in time,
by their temporal average.

However, these methods lose information about the power rep-
resentation, phase angle, and the time variation of the statistics of
the signals.7 When a problem involves two or more random sig-
nals, whose statistics are time varying, it is important to preserve
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the phase relationships among the signals. For example, the forces
on the blades of a propeller have a phase relationship that must be
preserved.A loss of phase relationshipmakes the model unrealistic
and causes the model to either underestimate or overestimate the
statistics of the resultant signal. Consider a structure for which the
applied loads tend to become large at the same instant. If we lose
the phase relationship between the loads, then we are likely to un-
derestimate the resultant of these loads. By a simple example we
show that if P(t ) and Q(t ) are two CS processes stationarization
of the superposition of these signal will lead to a loss of the phase
relationshipbetween the two signals.Let P(t) = A(t )sin( x 1t ¡ w ),
and Q(t) = B(t)sin( x 2t ), where A(t ) and B(t) are zero-mean sta-
tionary random process and w is a � xed phase angle. It can be seen
that the resultant random process P(t ) + Q(t ) is CS. Let S(t ) be
the resultant process after introducing two random phase angles u 1

and u 2 that are uniformly distributed between 0 and 2p . Then

S(t ) = A(t )sin( x 1t ¡ w + u 1) + B(t )sin( x 2t + u 2) (1)

Figure 6 shows the autocorrelationof S(t), when u 1 and u 2 are as-
sumed equal. In this case the phase relationshipis preservedas both
the processes are shifted by the same phase angle. Figure 6 shows
that the resultant process is still CS because Rss(t2, t1 ¡ t2) is peri-
odic with t2. Figure 7 shows the autocorrelation of S(t ), when u 1

and u 2 are assumed statically independent.In this case the resultant
process is stationary, but the phase relationship is lost. Moreover,
introducinga random phase angle changes the type of the probabil-
ity density function of the random process and complicates failure
analysis. If a CS process is Gaussian, the process after introducing
a random phase angle is no longer Gaussian. This complicates the
estimation of the probabilities of � rst excursion failure and fatigue
failure of a system whose response is converted into a stationary

Fig. 6 Autocorrelation function of S((t)), when Á1 and Á2 are equal.

Fig. 7 Autocorrelation of S((t)), when Á1 and Á2 are statistically inde-
pendent.

process by introducing a random phase angle because equations
for Gaussian random processes that are commonly used in failure
analysis are no longer applicable.

Stationarization causes underestimation of the risk of failure. In
many design problems, the variation of the statistical properties in
time is important. As a result, stationarizationmay give erroneous
estimates of the design load or the load parameters. In general,
a CS model is more conservative and realistic than a stationary
approximation of a CS process obtained by the precedingmethods.
Nikolaidis et al.9 showed that a CS process is more likely to cross a
certain level over a period than a stationaryprocess that has the same
average intensity of � uctuation. Therefore, a structure subjected
to a CS excitation has higher � rst excursion and fatigue failure
probabilities10 than an identical structure subjected to a stationary
excitation with the same time average rms.

As mentioned earlier, in mechanics there have been a few studies
on CS random processes. To the best of the authors’ knowledge,
Bolotin and Elishakov11 were the � rst to present periodic, nonsta-
tionary processes in the literature in mechanics using a random pe-
riodic function to model loads on a cylindricalor a spherical elastic
shell. Nikolaidis et al.12 calculated the statistics of the responses of
marine diesel engine shafting systems causedby CS engine and pro-
peller excitation.George et al.13 consideredCS models for the exci-
tation of bladed-disk assemblies rotating in nonuniform � ow� elds.
Koenig et al.14 modeled the pressure caused by the combustion in
the cylinders of a car engine as a CS process. Lyridis et al.15 exam-
ined CS models of the vibratory loads on an internal combustion
engine. Vibrations in rotating machinery are produced by a combi-
nation of periodic and random processes.The combinationsof such
components result in a signal that has periodicallytime-varyingen-
semble statistics. McCormick and Nandi16 modeled this signal as a
CS process. However, these studies do not provide a methodology
to � nd the statistics of the response of a dynamic system driven by
a general CS process model.

This paper � rst describes the basic concepts of a CS process and
the input-outputrelationshipfor the statisticalpropertiesfor a multi-
input multi-output (MIMO), linear-time-invariant(LTI) system un-
der CS excitation. We have found that, under certain assumptions,
the excitation on a road vehicle as a result of a rough road is a
CS process. To the best of the authors’ knowledge, no study on
random vibration analysis of road vehicles has modeled the excita-
tions caused of the road roughness as CS processes. We apply the
methodology developed for the general MIMO, LTI system under
CS excitationsto the road-vehicleproblem.For veri� cationwe com-
pare the results obtainedby the formulation just mentioned with the
results obtained by the Monte Carlo (MC) simulation. Finally, we
demonstrate the signi� cance of a CS process model by comparing
the statisticsof the vehicle responses obtainedby stationary and CS
models.

Characterization of CS Processes
Here, we present the concepts and de� nitions of a CS process.17

The autocorrelation of a CS excitation is a function of both time
t (= t2) and the time difference s = t1 ¡ t2 of two instances t2 and
t1, when the autocorrelationis measured.Therefore, a CS process is
nonstationary.We can calculate the Fourier series of the correlation,
which is periodic in t, and treat each coef� cient of the series as
the correlation of a stationary process. This leads to two important
results:

1) We can derive a relationshipbetween the statistics of the input
and output of a LTI system, which is simpler than that for a general
nonstationaryprocess.

2) We can extend the concept of spectral density used for station-
ary processes to CS processes.

In the followingequationsan upper-casecharacterdenotes a ran-
dom variable or process and a lower-case character denotes re-
alization of the variable or the process. Bold letters denote vec-
tor/matrices and nonbold letters denote scalar quantities.

We de� ne a vector of random processes Y(t ) as a � rst-order CS
process if its probability density function is periodic with time:

fY (t)( y) = fY (t + nT )( y), n 2 I (2)
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This implies that the mean g (t) of a CS process is also periodic:

g (t) = E[Y(t )] = E[Y(t + nT )] = g (t + nT ) (3)

where E[Y(t)] denotes the expected value of Y(t ).
Similarly, we de� ne that a random process Y(t ) is second-order

CS if its joint probabilitydensityfunctionfY (t1 ),Y ( t2)( y1 , y2) is invari-
ant to a shift of the time origin by an integral multiple of a constant
T called time period:

fY (t1),Y (t2 )( y1, y2) = fY (t1 + nT ),Y (t2 + nT )( y1, y2) (4)

Second-order cyclostationarity implies that the correlation matrix
RY Y (t1 , t2) of Y(t) is periodic in time:

RY Y (t1 , t2) = RY Y (t1 + nT , t2 + nT ) (5)

The correlation matrix can be also written in the following form:

RY Y (t + s , t ) = RY Y (t + s + nT , t + nT )

where t = t2 , s = t1 ¡ t2 (6)

RY Y (t + s , t ) is an m £ m matrix with periodicity (period = T ) in
t , and hence, we can represent it by the Fourier series:

RY Y (t + s , t ) =
1

n = ¡ 1

rY Y (n, s )exp
j2 p nt

T
(7)

The coef� cients of the Fourier series are

rY Y (n, s ) = 1/ T
T

0

RY Y (t + s , t )exp
¡ j2 p nt

T
dt (8)

If a process satis� es Eqs. (3) and (5), it is called wide-sense cyclo-
stationary (WSCS).

The Fourier transform of the cyclic correlation matrix rY Y (n, s ),
scaled by 1/ (2 p ), is called matrix of cyclic cross-spectral density
of the vector process Y(t ), and it is given by the equation

SY Y (n, x ) =
1

2p

1

¡ 1
rY Y (n, s )exp( ¡ j x s ) d s (9)

where

rY Y (n, s ) =
1

¡ 1
SY Y (n, x ) exp( j x s ) d x (10)

Input-Output Problem
Here we derive a generic approach for � nding the response of

linear system subjected to CS excitations.
Let Y(t), size m £ 1, be the input vector of a MIMO, LTI system

with m inputs and p outputs. The output vector Z(t ), size p £ 1, is
the convolution of the input vector with the matrix of the impulse
response functions h(t ) (Ref. 18):

Z(t) =
1

¡ 1
h(t ¡ u)Y(u) du (11)

The � rst- and second-order statistical properties of the output can
be written in matrix notation18:

E[Z(t )] =
1

¡ 1
h(t ¡ s )E[Y( s )]d s (12)

KZ Z (t1, t2) =
1

¡ 1

1

¡ 1
h(t1 ¡ s 1)KY Y ( s 1 , s 2)h 0 (t2 ¡ s 2) d s 1 ds 2

(13)

A prime denotes a transpose of a matrix or vector. Without any loss
of generality,we assume that the mean values of the excitationsare
zero. Then, the mean of the response is also zero [Eq. (12)]. In this
case the covariance matrix is equal to the correlation matrix. Now

we can write an equation for correlation matrix RZ Z (t1, t2) of the
output vector Z(t ) similar to Eq. (13), i.e.,

RZ Z (t1 , t2) =
1

¡ 1

1

¡ 1
h(t1 ¡ s 1)RY Y ( s 1 , s 2)h 0 (t2 ¡ s 2) d s 1 ds 2

(14)

Putting the Fourier-series expansion of the correlation matrix RY Y

from Eq. (7) into Eq. (14), we get

RZ Z (t1 , t2) =
1

¡ 1

1

¡ 1
h(t1 ¡ s 1)

1

n = ¡ 1

rY Y (n, s 1 ¡ s 2)

£ exp
j2 p n s 2

T
h0 (t2 ¡ s 2) ds 1 d s 2 (15)

Substituting the expression for rY Y from Eq. (10) in the preceding
equationand rearrangingthe summationand integrationsignsyields

RZ Z (t1 , t2) =
1

n = ¡ 1

1

¡ 1

1

¡ 1

1

¡ 1
h(t1 ¡ s 1)SY Y (n, x )

£ exp[ j x ( s 1 ¡ s 2)]exp
j2p n s 2

T
h0 (t2 ¡ s 2) ds 1 d s 2 d x

(16)

To carry out the preceding integration, we group the functions that
depend on s 1 and s 2 separately and adjust the exponential terms
accordingly, i.e.,

RZ Z (t1 , t2) =
1

n = ¡ 1

1

¡ 1

1

¡ 1
h(t1 ¡ s 1)exp[ ¡ j x (t1 ¡ s 1)]d s 1

£ SY Y (n, x )exp[ j x (t1 ¡ t2)]exp
j2 p nt2

T

£
1

¡ 1
h0 (t2 ¡ s 2)exp j x ¡

2p n

T
(t2 ¡ s 2) ds 2 d x

(17)

By replacingtheFourier transformof thematrix of impulse response
function h(t ) with the matrix of frequency response function H( x ),
we obtain

RZ Z [t1, t2] =
1

n = ¡ 1

1

¡ 1
H( x )SY Y (n, x )H ¤ x ¡

2p n

T

£ exp[ j x (t1 ¡ t2)]exp
j2 p nt2

T
dx (18)

Substituting the factor H( x )SY Y (n, x )H ¤ ( x ¡ 2n p / T ) with
SZ Z (n, x ) in the preceding expression, we get the following
expression:

RZ Z (t1 , t2) =
1

n = ¡ 1

1

¡ 1
SZ Z (n, x )exp[ j x (t1 ¡ t2)]d x

£ exp
j2 p nt2

T
(19)

This implies

RZ Z (t1 , t2) =
1

n = ¡ 1

rZ Z (n, t1 ¡ t2)exp
j2p nt2

T
(20)

where we can write an equation, similar to Eq. (10), for the cyclic
correlation matrix of the response vector rZ Z (n, t1 ¡ t2):

rZ Z (n, t1 ¡ t2) =
1

¡ 1
SZ Z (n, x )exp[ j x (t1 ¡ t2)] d x (21)
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SZ Z (n, x ) in Eq. (21) is given by

SZ Z (n, x ) = H( x )SY Y (n, x )H ¤ ( x ¡ 2n p / T ) (22)

RZ Z (t1 , t2) and SZ Z (n, x ) are the correlation matrix and the matrix
of cyclic cross-spectral density of the output vector, respectively.
SZ Z (n, x ) is the Fourier transform of the cyclic correlation matrix
rZ Z (n, s ). H( x ) is the matrix of the frequency response functions,
and H ¤ ( x ) is H( x ) Hermitian. It can be seen from Eq. (20) that the
response is CS.

The rms (or standard deviation) of the response is an important
measure of the intensity of the random � uctuation. To calculate it,
we set t1 = t2 in Eqs. (20) and (21).

Stationary Process as a Special Case of CS Process
The statistics of a stationary process are only functions of the

time lag t1 ¡ t2. For a stationaryprocess the mean vector is constant,
and the correlation matrix depends only upon the time difference
between the two points where the correlation is measured. From
Eq. (7) it can be seen that, as a result of nonzero terms correspond-
ing to n 6= 0 in the Fourier-series expansion, the correlation matrix
dependson time.Hence, for a vectorof stationaryrandomprocesses,
a cyclic correlationmatrix will be a null matrix for n 6=0. Dropping
all the terms with n 6=0 in Eqs. (20–22), we can write

RS
Z Z (t1 , t2) = rZ Z (0, t1 ¡ t2) (20a)

rZ Z (0, t1 ¡ t2) =
1

¡ 1
SZ Z (0, x ) exp[ j x (t1 ¡ t2)]d x (21a)

SZ Z (0, x ) = H( x )SY Y (0, x )H ¤ ( x ) (22a)

RS
Z Z [t1, t2] is the correlationmatrix of a vector of stationaryrandom

processes. It has only one term in its Fourier-series representation.
Dropping the terms correspondingto n 6= 0 in Eq. (20a) is equivalent
to averaging of the correlation over time. To see this, put n = 0 in
Eq. (7). Hence the stationary model of a CS process is only an
approximation. Equations (20a) and (22a) give the second-order
statistics of the response for a MIMO, LTI system under stationary
excitations.An approachusing Eqs. (20a) and (22a) will be referred
in this paper as an approximate stationary model.

The method justmentioneddevelopedforCS and stationarymod-
els will be called analytical method.

Response of a Road Vehicle Driven on a Road
Made of Concrete Slabs

In real life the road roughness that a vehicle encounters is often
nonstationary.Some real life nonstationary loads, such as the loads
on a car passingover a rail track,are far more likely to causedamage
than stationary loads with the same average intensity of � uctuation.
Under certain conditions, which are frequent in real life, the road
excitation on a vehicle is CS. Here are two examples:

1) Figure 8 shows the vertical front suspension load for 10 laps
of an all-terrainvehicle over a test track.19 The � gure illustrates that
the statistics of the load will not be a constant, but periodic in time.
As explained earlier, this type of excitation is CS.

2) This section will show that the road excitation on a vehicle
travelingon a road made of concreteslabsof � xed length is also CS.

Fig. 8 Ten laps of a test track.

Fig. 9 Sample path of the road and vehicle model.

First, we make a few assumptions to develop a mathematical
model of the road roughness.Then, we apply the analyticalmethod,
presented in the preceding two sections, to a vehicle moving on
such road. We assume that the road is made of concrete slabs of
constant length d, but different heights Hi . A quarter of the vehi-
cle is modeled by a single-degree-of-freedom spring-mass-damper
system. The random excitation is caused by the uneven surface of
a road. The heights of slabs are assumed normally distributed, sta-
tistically independent random variables. The mean value of Hi is
zero, and its standard deviation is r H . We also assume that the sur-
face of each slab is horizontal.Figure 9 shows a sample path of the
road with the vehicle model. In practice, the slab length may also
be random. This will introduce randomness in the time period of
the vehicle excitationand may in� uence the structure’s stabilityand
dynamics.5 This can be particularly important if the frequency of
excitation corresponding to the distance of the slabs is close to the
system natural frequency.We do not account for randomness in the
slab length.

Let Y (x) be the height of the road at a distance x from origin.
Y (x) can be written as

Y (x) =
1

i = ¡ 1

Hi pulse(x ¡ id , d) (23)

where

pulse(x , d) =
1 if 0 · x Á d

0 otherwise (24)

where x is the location where the pulse begins and d is the duration
of the pulse.

Y (x) is a Gaussian process so that its mean and autocorrelation
are suf� cient to describe it. The mean of Y (x) is zero. The autocor-
relation of Y (x) is

RY Y (x + D , x) = E[Y (x + D )Y (x)]

= E
1

i = ¡ 1

Hi pulse(x ¡ id + D , d)

£
1

j = ¡ 1

H j pulse(x ¡ jd , d) (25)

where D is the distance between the two points at which auto-
correlation is measured. The terms that correspond to i 6= j in the
expression for RY Y (x + D , x) are zero because the heights of the
slabs are statistically independentwith zero means; therefore,

RY Y (x + D , x) = r 2
H

1

i = ¡ 1

pulse(x + D ¡ id, d)pulse(x ¡ id , d)

(26)
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Table 1 Values of parameters for the example

Parameter Value

Damping coef� cient c, kg/s 6,610.46
Slab length d , m 10
Spring coef� cient k, N/m 11,433.3
Mass m, kg 1,300
Velocity V , km/h 100
Standard deviation r h , m 0.04

Fig. 10 Autocorrelation of the excitation.

Let the speed of vehicle be V . Then x = V t . Hence the autocorre-
lation in the time domain is

RY Y (t + s , t ) = r 2
H

1

i = ¡ 1

pulse(t + s ¡ iT , T )pulse(t ¡ i T , T )

(27)

where the time lag s equals D / V and the time period T equals
d / V . The expression just mentioned for the autocorrelationcan be
further simpli� ed to

RY Y (t + s , t ) =

r 2
H

1

i = ¡ 1

pulse(t ¡ iT + s , T + s ) for s < 0

r 2
H

1

i = ¡ 1

pulse(t ¡ iT , T ¡ s ) for s ¸ 0

(28)

Figure 10 shows the variation of the autocorrelation of the road
excitationwith time t , where the � rst measurement is taken, and the
time difference s between the � rst and second measurements.It can
be seen that the autocorrelation is periodic in time. Therefore, the
excitation caused by the road roughness is a WSCS process.

From the single-degree-of-freedom model of the vehicle, we ob-
tain the frequencyresponse function H ( x ). Using Eqs. (8) and (28),
we obtain the cyclic autocorrelationrY Y (n, s ) of the excitationY (t).
From Eq. (9) we get the cyclic spectral density SY Y (n, x ) of the ex-
citation. Then following the analytical method, Eqs. (20–22), we
calculate the autocorrelationand spectral density function of the re-
sponse.We took only 11 terms in the Fourier-seriesexpansionof the
autocorrelationfunctions of excitation and response. Table 1 shows
the values of the parameters of the model in Fig. 9.

To validate the result obtained from the analytical method, we
calculated the standard deviation (rms) of the response by MC sim-
ulation.We generated 20 sample paths of the road. For each sample
path of the road, we calculated the response of vehicle. Then we
calculated the rms of the response as a function of time based on
the ensemble and compared it to its counterpart from the analytical
method.

Figure 11 shows the standarddeviationsof the responseas a func-
tion of time calculated using the MC simulation and the analytical
method. The difference in two results,which is negligible,is a result
of the following: 1) the error associated with numerical integration
Eq. (21); 2) the � nite number of terms [Eq. (11)] used in the Fourier

Fig. 11 Comparison of results of a CS model and approximatestation-
ary model obtained using the analytical method (upper curve) and MC
simulation (lower curve).

Fig. 12 Effect of velocity on the ratio of maximum standard deviation
to average standard deviation.

representation of the correlation function in Eq. (7); and 3) the � -
nite number of samples [Eq. (20)] of the response used in the MC
simulation.

It is important to assess the difference between the results of
the CS model [Eqs. (20–22)] and the approximate stationarymodel
[Eqs. (20a–22a)]. Figure 11 compares the standard deviation of the
response calculated using the CS model and an approximate sta-
tionary model. It can be seen from this � gure that the standard devi-
ation of the response is not constant in time but varies periodically.
However, the approximate stationary model shows a constant stan-
dard deviation of the response. Figures 11 and 12 demonstrate that
an approximate stationary model can underestimate the maximum
value of the standard deviation of the vehicle response. At a veloc-
ity of 25 m/s, where the effect is most prominent, the maximum
standard deviation ( r Z )maximum is around 15% higher than the aver-
age standard deviation ( r Z )average (Fig. 12). This demonstrates that
an approximate stationary model can underestimate the maximum
value of the standard deviation of the vehicle response. As a result,
an approximate stationarymodel could considerablyunderestimate
the probabilityof failure becauseof � rst excursionor fatigue.10 The
reasons are that 1) the � rst excursion probability is sensitive to the
standard deviation of the stress and 2) fatigue damage is propor-
tional to a power (which can be greater than 5) of the stress or strain
at a point.

The vehicle traveling with velocity V encounters each slab for
time d / V . As a result, the statistical properties are periodic in time
with period d / V . This can be also seen from Fig. 11, which shows
that the periodof the variationof the standarddeviationis 0.36 s. The
inverse of this time period, scaled by 2 p , is equal to the fundamen-
tal frequency x e of the autocorrelationof the excitation. Figure 13
shows the effect of x e on the standard deviation of the response.
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Fig. 13 Plot of maximum standard deviation of response vs !e/!n .

It is observed that when x e equals the natural frequency the stan-
dard deviation of response is maximum. The standard deviation is
sensitive to x e for values less than the natural frequency,whereas it
is insensitiveto x e for values larger than the natural frequency.This
information can help in vehicle design.

Dimentberg5 studied the effect of randomvariability in the period
of a periodicallynonstationaryprocess on the stabilityof a dynamic
system. He concluded that, if the period of the excitation is close to
the naturalperiodof the system,even a small variabilityin the period
(e.g., 0.5%) can improve the stability of the system and can drasti-
cally reduce the intensity of vibration of the system. Consider the
exampleof the coal-mine cage travelingon a periodicallysupported
cable, mentioned in the � rst section. Even small � uctuations in the
distance between the adjacent supports can considerablyreduce the
intensityof the responseof the cage and improve its stability.There-
fore, one may have to account for the variation in the period in these
cases.

In this study the natural frequencyof the model of the road vehicle
is 2.97 rad/s, whereas the frequency of excitation is 17.45 rad/s in
Fig. 11. Therefore, we do not expect that the amplitude of vibration
of the system would be sensitive to variability in the frequency of
excitation, which can arise from a small variability in the lengths
of the slabs. The frequency of excitation varied from 6.28 rad/s to
37.7 rad/s in Fig. 12. Again variability in the lengths of the slabs is
probablynot signi� cant.This variabilitycan be signi� cant,however,
for the results in Fig. 13 because the system natural frequency is
close to the frequency of excitation in some cases.

Conclusions
This paper presented a class of random process, called cyclosta-

tionary, which can represent the random excitation on a wide class
of structural systems, such as turbine blades, submarine propellers,
and internal combustion engines. A key characteristic is that the
statistics are not constant in time, as a stationary model would as-
sume, but they vary periodically in time. The paper showed that the
road excitation on a vehicle could be modeled as a cyclostationary
process. Using a quarter-vehicle model, the paper showed that a
cyclostationarymodel of the road excitation could provide consid-
erably more accurate estimates of the response and reliability than
a traditional stationary model.
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